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Abstract
In this paper, we study a class of Finsler metrics which contains the
class of P-reducible metrics. Finsler metrics in this class are called gen-
eralized P-reducible metrics. We consider generalized P-reducible metrics
with scalar flag curvature and find a condition under which these met-
rics reduce to C-reducible metrics. This generalize Matsumoto’s theorem,
which describes the equivalency of C-reducibility and P-reducibility on
Finsler manifolds with scalar curvature. Then we show that generalized
P-reducible metrics with vanishing stretch curvature are C-reducible.
Keywords: C-reducible metric, P-reducible metric, flag curvatures.1
1 Introduction
In Finsler geometry, there are several important non-Riemannian quantities:
the Cartan torsion C, the Berwald curvature B, the Landsberg curvature L,
the mean Landsberg curvature J and the stretch curvature Σ, etc [10]. They
all vanish for Riemannian metrics, hence they are said to be non-Riemannian.
The study of these quantities is benefit for us to make out their distinction and
the nature of Finsler geometry.
Let F be a Finsler metric on a manifoldM . The geodesics of F are character-
ized locally by the equation c¨i+2Gi(c˙) = 0, where Gi = 1
4
gik{2
∂gpk
∂xq
−
∂gpq
∂xk
}ypyq.
Gi are coefficients of a spray defined onM denoted byG(x, y) = yi ∂
∂xi
−2Gi ∂
∂yi
.
A Finsler metric F is called a Berwald metric if Gi = 1
2
Γijk(x)y
jyk are quadratic
in y ∈ TxM for any x ∈M [16].
There is another class of Finsler metrics which contain the class of Berwald
metrics as a special case, namely the class of Landsberg metrics. For introducing
the Landsberg curvature, let us describe some non-Riemannian quantities in
Finsler geometry. The second derivatives of 1
2
F 2x at y ∈ TxM0 is an inner
product gy on TxM . The third order derivatives of
1
2
F 2x at y ∈ TxM0 is a
symmetric trilinear forms Cy on TxM . We call gy and Cy the fundamental form
and the Cartan torsion, respectively. The rate of change of the Cartan torsion
along geodesics is the Landsberg curvature Ly on TxM for any y ∈ TxM0. Set
Jy :=
∑n
i=1 Ly(ei, ei, ·), where {ei} is an orthonormal basis for (TxM,gy). Jy
is called the mean Landsberg curvature. F is said to be Landsbergian if L = 0,
and weakly Landsbergian if J = 0 [13].
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On the other hand, various interesting special forms of Cartan, Berwald and
Landsberg tensors have been obtained by some Finslerians. The Finsler spaces
having such special forms have been called C-reducible, P-reducible, general rel-
atively isotropic Landsberg, and etc. In [5], Matsumoto introduced the notion of
C-reducible Finsler metrics and proved that any Randers metric is C-reducible.
Later on, Matsumoto-Ho¯jo¯ proves that the converse is true too [6]. A Randers
metric F = α+ β is just a Riemannian metric α perturbated by a one form β.
Randers metrics have important applications both in mathematics and physics.
As a generalization of C-reducible metrics, Matsumoto-Shimada introduced
the notion of P-reducible metrics [7]. This class of Finsler metrics have some
interesting physical means and contains Randers metrics as a special case.
In [12], B. N. Prasad introduced a new class of Finsler spaces which con-
tains the notion of P-reducible, as special case. A Finsler metric F is called
generalized P-reducible if its Landsberg curvature is given by following
Lijk = λCijk + aihjk + ajhki + akhij ,
where λ = λ(x, y) is a scalar function on TM , ai = ai(x) is scalar function on
M and hij = gij − F
−2yiyj is the angular metric. λ and ai are homogeneous
function of degree 1 and degree 0 with respect to y, respectively. By definition,
we have aiy
i = 0. If ai = 0, then F is reduce to general isotropic Landsberg
metric and if λ = 0 then F is a P-reducible metric. Therefore the study of this
class of Finsler spaces will enhance our understanding of the geometric meaning
of Randers metrics.
For a Finsler manifold (M,F ), the flag curvature is a function K(P, y) of
tangent planes P ⊂ TxM and directions y ∈ P . F is said to be of scalar
flag curvature if the flag curvature K(P, y) = K(x, y) is independent of flags P
associated with any fixed flagpole y. One of the important problems in Finsler
geometry is to characterize Finsler manifolds of scalar flag curvature [10][11].
In [5], Matsumoto proved that every P-reducible Finsler metric of non-zero
scalar flag curvature reduces to a C-reducible Finsler metric. In this paper, we
study the class generalized P-reducible Finsler metrics with scalar flag curvature
and find a condition under which this metrics reduce to C-reducible metric.
More precisely, we prove the following.
Theorem 1.1. Let (M,F ) be a generalized P-reducible Finsler manifold of non-
zero scalar flag curvature K. Suppose that F satisfy in λ′+λ2+KF 2 6= 0, where
λ′ = λ|ly
l. Then F is a C-reducible metric.
Let (M,F ) be a generalized P-reducible Finsler manifold with vanishing
Landsberg curvature. Then F reduces to a C-reducible metric. On the other
hand, every C-reducible Landsberg metric is a Berwald metric. Therefore ev-
ery generalized P-reducible manifold with vanishing Landsberg curvature is a
Berwald manifold.
As a generalization of Landsberg curvature, L. Berwald introduced a non-
Riemannian curvature so-called stretch curvature and denoted by Σy [2]. He
showed that this tensor vanishes if and only if the length of a vector remains
unchanged under the parallel displacement along an infinitesimal parallelogram.
Then, this curvature investigated by Shibata and Matsumoto [8]. A Finsler met-
ric is said to be stretch metric if Σ = 0. In this paper, we consider generalized
P-reducible manifolds with vanishing stretch curvature and prove the following.
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Theorem 1.2. Let (M,F ) be a generalized P-reducible Finsler manifold. Sup-
pose that F is a stretch metric. Then F is a C-reducible metric.
It is remarkable that, M. Matsumoto proved that on a Finsler manifold M
with dimension n ≥ 3, every positive definite C-reducible Finsler metric is a
Randers metric [5]. Then by Theorem 1.2, we have the following.
Corollary 1.1. Let (M,F ) be a generalized P-reducible manifold with dimen-
sion n ≥ 3. Suppose that F is a stretch metric. Then F is a Randers metric.
There are many connections in Finsler geometry [3][14][15]. Throughout
this paper, we use the Berwald connection on Finsler manifolds. The h- and
v- covariant derivatives of a Finsler tensor field are denoted by “ | ” and “, ”
respectively.
2 Preliminaries
Let M be a n-dimensional C∞ manifold. Denote by TxM the tangent space at
x ∈M , by TM = ∪x∈MTxM the tangent bundle ofM and by TM0 = TM \{0}
the slit tangent bundle of M .
A Finsler metric onM is a function F : TM → [0,∞) which has the following
properties:
(i) F is C∞ on TM0;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ;
(iii) for each y ∈ TxM , the following quadratic form gy on TxM is positive
definite,
gy(u, v) :=
1
2
d2
dtds
[
F 2(y + su+ tv)
]
|s,t=0, u, v ∈ TxM.
Let x ∈ M and Fx := F |TxM . To measure the non-Euclidean feature of Fx,
define Cy : TxM ⊗ TxM ⊗ TxM → R by
Cy(u, v, w) :=
1
2
d
dt
[gy+tw(u, v)] |t=0, u, v, w ∈ TxM.
The family C := {Cy}y∈TM0 is called the Cartan torsion. It is well known that
C = 0 if and only if F is Riemannian [13].
For y ∈ TxM0, define mean Cartan torsion Iy by Iy(u) := Ii(y)u
i, where
Ii := g
jkCijk ,
gjk is the inverse of gjk and u = u
i ∂
∂xi
|x. By Deicke Theorem, F is Riemannian
if and only if Iy = 0.
Given a Finsler manifold (M,F ), then a global vector field G is induced
by F on TM0, which in a standard coordinate (x
i, yi) for TM0 is given by
G = yi ∂
∂xi
− 2Gi(x, y) ∂
∂yi
, where
Gi(x, y) :=
1
4
gil(x, y)
{ ∂2F 2
∂xk∂yl
yk −
∂F 2
∂xl
}
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are called the spray coefficients of G [16]. Then G is called the spray associated
to (M,F ). In local coordinates, a curve c(t) is a geodesic if and only if its
coordinates (ci(t)) satisfy
d2xi
dt2
+ 2Gi(x,
dx
dt
) = 0.
Let (M,F ) be a Finsler manifold. For y ∈ TxM0, define the Matsumoto
torsion My : TxM ⊗TxM ⊗TxM → R by My(u, v, w) :=Mijk(y)u
ivjwk where
Mijk := Cijk −
1
n+ 1
{Iihjk + Ijhik + Ikhij},
hij := FFyiyj = gij −
1
F 2
gipy
pgjqy
q is the angular metric. A Finsler metric F
is said to be C-reducible metric if My = 0.
The Finsler metric F = α+β is called a Randers metric, where α =
√
aijyiyj
is a Riemannian metric, and β = bi(x)y
i be a 1-form on M with ||β||α < 1.
These metrics have important applications both in mathematics and physics.
Lemma 2.1. ([4][6]) A positive-definite Finsler metric F on a manifold of di-
mension n ≥ 3 is a Randers metric if and only if My = 0, ∀y ∈ TM0.
The horizontal covariant derivatives of Cartan tensor C along geodesics give
rise to the Landsberg curvature Ly : TxM ⊗ TxM ⊗ TxM → R defined by
Ly(u, v, w) := Lijk(y)u
ivjwk,, where
Lijk := Cijk|sy
s,
u = ui ∂
∂xi
|x, v = v
i ∂
∂xi
|x and w = w
i ∂
∂xi
|x. The family L := {Ly}y∈TM0 is
called the Landsberg curvature. It is easy to see that, for a Finsler metric F on
a manifold M , the Minkwoski norm Fx := F |TxM on TxM , for each non-zero
tangent vector y at x induces a Riemannian metric gˆx := gij(x, y)dy
i ⊗ dyj
on TxM0 = TxM − {0}. A Finsler metric F is called a Landsberg metric if
L = 0. It is well known that on a Landsberg manifold (M,F ), all (TxM0, gˆx)
are isometric as Banach spaces [13].
The horizontal covariant derivatives of I along geodesics give rise to the mean
Landsberg curvature Jy(u) := Ji(y)u
i, where
Ji := g
jkLijk.
A Finsler metric F is said to be weakly Landsbergian if J = 0 [17].
Define M¯y : TxM ⊗ TxM ⊗ TxM → R by M¯y(u, v, w) := M¯ijk(y)u
ivjwk
where
M¯ijk := Lijk −
1
n+ 1
{Jihjk + Jjhik + Jkhij}.
A Finsler metric F is said to be P-reducible if M¯y = 0. The notion of P-
reducibility was given by Matsumoto-Shimada [7]. It is obvious that every
C-reducible metric is a P-reducible metric.
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Define the stretch curvature Σy : TxM ⊗ TxM ⊗ TxM ⊗ TxM → R by
Σy(u, v, w, z) := Σijkl(y)u
ivjwkzl, where
Σijkl := 2(Lijk|l − Lijl|k).
A Finsler metric is said to be stretch metric if Σ = 0. The notion of stretch
curvature was introduced by L. Berwald a generalization of Landsberg curvature
[2]. He proved that this stretch curvature of a Finsler manifoldM vanishes if and
only if the length of a vector remains unchanged under the parallel displacement
along an infinitesimal parallelogram. It is easy to see that, every Landsberg
metric is a stretch metric.
The Riemann curvature Ky = K
i
kdx
k ⊗ ∂
∂xi
|x : TxM → TxM is a family of
linear maps on tangent spaces, defined by
Kik = 2
∂Gi
∂xk
− yj
∂2Gi
∂xj∂yk
+ 2Gj
∂2Gi
∂yj∂yk
−
∂Gi
∂yj
∂Gj
∂yk
.
For a flag P = span{y, u} ⊂ TxM with flagpole y, the flag curvature K =
K(P, y) is defined by
K(P, y) :=
gy(u,Ky(u))
gy(y, y)gy(u, u)− gy(y, u)2
.
We say that a Finsler metric F is of scalar curvature if for any y ∈ TxM , the
flag curvature K = K(x, y) is a scalar function on the slit tangent bundle TM0.
3 Proof of Theorem 1.1
In this section, we are going to prove the Theorem 1.1. To prove it, we need
the following.
Lemma 3.1. Let (M,F ) be a generalized P-reducible Finsler manifold. Then
the Matsumoto torsion of F satisfy in following
Mijk|sy
s = λ(x, y)Mijk. (1)
Proof. Let F be a generalized P-reducible metric
Lijk = λCijk + aihjk + ajhki + akhij . (2)
Contracting (2) with gij and using the relations
gijhij = n− 1 and g
ij(aihjk) = g
ij(ajhik) = ak
implies that
Jk = λIk + (n+ 1)ak. (3)
Then
ai =
1
n+ 1
Ji −
λ
n+ 1
Ii. (4)
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Putting (4) in (2) yields
Lijk = λCijk +
1
n+ 1
{Jihjk + Jjhki + Jkhij}
−
λ
n+ 1
{Iihjk + Ijhki + Ikhij}. (5)
By simplifying (5), we get
Lijk−
1
n+ 1
(Jihjk+Jjhki+Jkhij) = λ{Cijk−
1
n+ 1
(Iihjk+Ijhki+Ikhij)}. (6)
The equation (6) is equivalent to (1).
Lemma 3.2. ([9]) Landsberg curvature and Riemann Curvature are related by
the following equation
Lijk|my
m + CijmR
m
k = −
1
3
gimR
m
k·j −
1
3
gjmR
m
k·i
−
1
6
gimR
m
j·k −
1
6
gjmR
m
i·k. (7)
Contracting (7) with gij gives
Jk|my
m + ImR
m
k = −
1
3
{
2Kmk·m +K
m
m·k
}
. (8)
Proof of Theorem 1.1: Let F be a generalized P-reducible Finsler metric of
scalar curvature K = K(x, y). This is equivalent to the following identity:
Rik = KF
2 hik, (9)
where hik := g
ijhjk. Differentiating (9) yields
Rik·l = K·lF
2 hik +K
{
2glpy
pδik − gkpy
pδil − gkly
i
}
. (10)
By (7), (8) and (10), we obtain
Lijk|my
m = −
1
3
F 2
{
K·ihjk +K·jhik +K·khij + 3KCijk
}
(11)
and
Jk|my
m = −
1
3
F 2
{
(n+ 1)K·k + 3KIk
}
. (12)
On the other hand, we have
Lijk = Cijk|my
m, Ji = Ii|my
m. (13)
By (13), we get
Cijk|p|qy
pyq = Lijk|my
m, Ik|p|qy
pyq = Jk|my
m.
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Then we get
Mijk|p|q = Lijk|my
m −
1
n+ 1
{
Ji|my
mhjk + Jj|my
mhik + Jk|my
mhij
}
. (14)
Plugging (11) and (12) into (14) yields
Mijk|p|qy
pyq +KF 2Mijk = 0. (15)
By (1) we have
Mijk|p|qy
pyq = λ′(t)Mijk + λ(t)Mijk|py
p
= (λ′ + λ2)Mijk. (16)
By (15) and (16) we get
(λ′ + λ2 +KF 2)Mijk = 0. (17)
By assumption λ′ + λ2 +KF 2 6= 0, then Mijk = 0. Then by definition, F is a
C-reducible metric.
By Theorem 1.1, we have the following.
Corollary 3.1. Let (M,F ) be a Finsler metric of non-zero scalar flag curvature.
Suppose that F be a P-reducible metric. Then F is a C-reducible metric.
4 Proof of Theorem 1.2
In this section, we are going to prove the Theorem 1.2.
Proof of Theorem 1.2: Let F be a stretch metric
Lijk|l − Lijl|k = 0. (18)
Contracting (18) with yl yields
Lijk|ly
l = 0. (19)
By definition, we have
Lijk = λCijk + aihjk + ajhki + akhij . (20)
Taking a horizontal derivation of (20) implies that
Lijk|ly
l = λ′Cijk + λLijk + a
′
ihjk + a
′
jhki + a
′
khij , (21)
where a′i = ai|ly
l. By putting (20) in (21), it follows that
Lijk|ly
l = (λ′ + λ2)Cijk + (λai + a
′
i)hjk + (λaj + a
′
j)hki + (λak + a
′
k)hij . (22)
By (19) and (22), we have
Cijk =
−1
λ′ + λ2
[
(λai + a
′
i)hjk + (λaj + a
′
j)hki + (λak + a
′
k)hij
]
. (23)
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Multiplying (23) with gij yields
Ik =
−(n+ 1)
λ′ + λ2
(λak + a
′
k), (24)
or equivalently
λak + a
′
k = −
λ′ + λ2
n+ 1
Ik. (25)
By plugging (25) in (23), we have
Cijk =
1
n+ 1
(Iihjk + Ijhki + Ikhij). (26)
This means that F is a C-reducible metric.
There is an equal definition for Landsberg manifolds based on Finslerian con-
nections. A Finsler manifold is called a Landsberg manifold if the Chern connec-
tion coincides with the Berwald connection. With this definition of Landsberg
manifolds, Bejancu-Farran introduce a new class of Finsler manifolds called
generalized Landsberg manifolds. A Finsler manifold is said to be generalized
Landsberg manifold if the h-curvature tensors of the Berwald and Chern con-
nections coincide [1]. The relation between h-curvatures of Berwald and Chern
connections is given by
Hijkl = R
i
jkl + [L
i
jl|k − L
i
jk|l + L
i
skL
s
jl − L
i
slL
s
jk], (27)
where H and R are h-curvatures of Berwald and Chern connections respectively.
Thus F is a generalized Landsberg metric if we have
Lijl|k − L
i
jk|l + L
i
skL
s
jl − L
i
slL
s
jk = 0. (28)
Lemma 4.1. Let (M,F ) be a Finsler manifold. Then F is a generalized Lands-
berg metric if and only if the following equations hold
LiskL
s
jl − LislL
s
jk = 0, (29)
Lijl|k − Lijk|l = 0. (30)
Proof. Fix k and l and put
Qij := Lijl|k − Lijk|l + LiskL
s
jl − LislL
s
jk.
One can write
Qij := Q
s
ij +Q
a
ij ,
where
Qsij :=
1
2
(Qij +Qji), and Q
a
ij :=
1
2
(Qij −Qji).
It is easy to see that Qij = 0 if and only if Q
s
ij = 0 and Q
a
ij = 0. On the other
hand, we have
Qji = Ljil|k − Ljik|l + LjskL
s
il − L jslL
s
ik
= Lijl|k − Lijk|l + L
s
jkLsil − L
s
jlLsik.
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Hence
Qsij = Lijl|k − Lijk|l,
and consequently
Qaij = LiskL
s
jl − LislL
s
jk.
This proves the Lemma.
Therefore, every generalized Landsberg metric is a stretch metric. By the
Theorem 1.2, we have the following.
Corollary 4.1. Let (M,F ) be a generalized P-reducible Finsler manifold with
dimension n ≥ 3. Suppose that F be a generalized Landsberg metric. Then F is
a Randers metric.
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